We consider the Witten-Reshetikhin-Turaev invariants or Chern-Simons partition function at or around roots of unity q = e 2πi 1 K with rational level K = r s where r and s are coprime integers. From the exact expression for the G = SU (2) Witten-ReshetikhinTuraev invariants of Seifert manifolds at other roots of unity obtained by Lawrence and Rozansky, we provide an expected form of the structure of the Witten-Reshetikhin-Turaev invariants in terms of the homological blocks at other roots of unity. Also, we discuss the asymptotic expansion of knot invariants around roots of unity where we take a limit different from the standard limit in the volume conjecture.
Introduction
It is known that the Chern-Simons (CS) partition function agrees with the ReshetikhinTuraev invariants, and they are often called the WRT (Witten-Reshetikhin-Turaev) invariants. Differently from the usual Chern-Simons theory where the level K is taken to be an integer, K can be a rational number in the Reshetikhin-Turaev construction. The Chern-Simons theory with integer level K and its analytic continuation has been studied actively in (physics) literature, so it would be interesting to consider the case with K being a rational number and its analytic continuation from rational K.
In this paper, we discuss the properties or behavior of the WRT invariant or CS partition function at or around roots of unity for closed 3-manifolds and knot complements in S 3 .
In section 2, we consider the WRT invariant at other roots of unity in terms of homological blocks. It was conjectured that the WRT invariant for the standard root of unity q = e 2πi 1 K where K is an integer can be expressed so called the homological block, which is q-series invariants with integer powers and integer coefficients [1, 2] . The resurgence analysis on homological block has been discussed in [3, 4] . The number theory and CFT aspects of homological blocks have been considered in [5] . Generalization to G = SU (N ), N ≥ 2 for a certain class of Seifert manifolds with arbitrary number of singular fibers have been discussed in [6] . Also, homological blocks for knot complements has been studied in [7] . All these studies were about the standard root of unity or integer K.
From the integral formula of the SU (2) WRT invariants for a certain class of Seifert manifolds at other roots of unity q = e 2πi 1 K with K = r s where r and s are coprime integers [8] , we express them in terms of homological blocks. We discuss general structure of it and provide some examples.
In section 3, we consider the asymptotic expansion of knot invariants at general roots of unity. In the context of the volume conjecture, asymptotic expansion in the limit of the level K → ∞ has been studied in many literature. This asymptotic expansion is the expansion around q → 1 where the deviation from 1 is e 2πi 1 K . The asymptotic expansion around general roots of unity that we consider is different from the standard limit in the context of volume conjecture. We consider the asymptotic expansion around given roots of unity e 2πi 1 K with rational level K = r s where the deviation from e 2πi s r is given by another expansion parameter. This was discussed in [9] , also in [10] [11] [12] in a similar but a slightly different setup or in a different context. We calculate the leading order of the asymptotic expansion of superpolynomials for knots around the roots of unity.
In section 4, we summarize and discuss some future directions.
Note added: While preparing the manuscript, we found that [13] appeared, which overlaps with section 2 of this paper.
WRT invariants and homological blocks for G = SU(2) at other roots of unity
In [8] , in addition to the standard root of unity q = e 2πi 1 K where K ∈ Z, Lawrence and Rozansky also considered the WRT invariant of a certain class of Seifert manifolds at other roots of unity by considering the Galois action. As in the case of the standard root of unity, we would like to express the WRT invariant at other roots of unity in terms of the homological blocks.
WRT invariant at other roots of unity in Chern-Simons matrix model
For Seifert manifolds X(P 1 /Q 1 , . . . , P F /Q F ) with conditions that P j 's and Q j 's are coprime for each j and P j 's are pairwise coprime where P j , Q j 's are Seifert invariants, the finite sum expression for the WRT invariant in [8] is given by
where
πi sign (
where s(Q, P ) is the Dedekind sum
for P > 0, which satisfies s(−Q, P ) = −s(Q, P ). Here, we use the physics normalization
, (2.1) can be written as
Therefore, the expression (2.1) includes the part that is in Q [x] . By considering the Galois action on x, x is replaced with another primitive root of unity, e 2πi s 4KP , where s is coprime to 4KP . Due to this change, additional overall factor appears from B, but we will not consider it in this paper.
Up to such an overall factor, the integral expression for the WRT invariant at other roots of unity, e
and C is a contour from (−1 + i)∞ to (1 − i)∞ for P H > 0 and a clockwise rotation of it for P H < 0.
WRT invariant at other roots of unity in terms of homological blocks
As we did for the case of the standard root of unity, we would like to analytically continue the level around K = r s , and express the WRT invariant in terms of the homological blocks. We closely follow the calculation in [6] . For simplicity, we consider the case F = 3 and where integration cycle Γ t is chosen in such a way that for each t the integrand is convergent on both ends of infinity, i.e. when r/s > 0 and P/H > 0, Γ 0 is a line from −(1 + i)∞ to (1 + i)∞ through the origin and Γ t is parallel to Γ 0 and passes through a stationary phase point of y = −2πi P H t. When P/H < 0, the contour is given by a clockwise rotation of Γ 0 by π 2 and similarly for Γ t . Assuming that Re y > 0 and P > 0, the rational function of the sine hyperbolic function can be expanded in terms of periodic function χ 2P (n),
and χ 2P (n) is in turn expressed in terms of another periodic function ψ
, and R 3 = P (1 − (−1/P 1 − 1/P 2 + 1/P 3 )). Given r and s, we consider the analytic continuation of K from r s . We also assume H > 0 and Im r s < 0 for convergence. We take a contour as in the case of standard root of unity, i.e. a line parallel to the imaginary axis of the y-plane that passes through Re y > 0. Then the integral above gives when expanding the rational function of the sine hyperbolic function in (2.9). It is obvious how to keep track of the additional term after considering the case of 3 j=1
We note that in the case of the standard root of unity, the integral has the overall factor as an overall factor rather than
As in the case of the standard root of unity, we expect that the expression that we obtained from the Gaussian integral part of the WRT invariant with analytic continuation of K = r s contains the contributions from all flat connections. Also, the calculation can be done for other ranges of P , H, and Im r s , which we refer to section 2.7 in [6] for detailed explanation.
The case H = 1
We consider the case H = 1 first. In this case, we have
(2.14)
Here, 17) which is the Eichler integral of the modular form Ψ (l)
4P of halfinteger weight 3/2 [14] . In the limit q ց e 2πi s r , Ψ (l)
We refer to [14, 15] (see also [16, 17] ) for derivation of this. s is coprime to 4rP . So s is odd here. Regarding the overall coefficient, the quadratic Gauss sum gives √ s up to a phase factor. Therefore, √ s is cancelled out and the resulting expression contains
as an overall factor. We also note that when s = 1, (2.16) becomes the WRT invariant with standard root of unity. Since in the case of H = 1, there is only one homological block, which is well defined in the region |q| < 1. Therefore, as in the case of the standard root of unity, we can expect that the limit of a single homological block can also be taken to the other roots of unity e 2πi s r where r and s are coprime and above calculation indicates that it is so up to an overall factor.
The case H ≥ 2
When H ≥ 2, we decompose ψ
where the floor and the ceiling function are given by
As done in the case of the standard root of unity [6] , we can take e 2πi t H n out of summation in (2.13). We repeat it for completeness. We take the representative in (2.13)
which is nonzero when n = 2HP m+l and 2HP m ′ −l with m, m ′ ∈ Z ≥0 . The n = 2HP m+l part of (2.22) is
l is used. The n = 2HP m − l part of (2.22) is given by
which can be written as
with t ′ = sH − t. Since we take a limit to K = r s with r and s being coprime integers, e 2πirsP H−4πirP t ′ +2πi r s P H t ′2 becomes e 
(2.26) Therefore, (2.13) can be written as
The expression (2.27) can be further organized. We first consider the case that H is odd. The case for even H can be done similarly. We take t = 0, 1, . . . , Hs − 1 as t = vH + u where u = 0, 1, . . . , H − 1 and v = 0, 1, . . . , s − 1. Splitting u = 0 part and the other part u = 1, . . . , H − 1, then (2.27) can be written as
We can do similarly for the sum over s as we did for u. We note that s is an odd number in this paper. Firstly, we split v = 0 part and rewrite the sum over v = 1, . . . , s − 1 as sum over v = 1, . . . , 
When H is even, we also have similar results,
Comparing with the case of the standard root of unity, the factor
is different. Other than that, the structure is the same as in the case of the standard root of unity. As a consistency check, when s = 1 we obtain the result with the standard root of unity.
Remarks on the larger number of singular fibers
As discussed in [6] , the calculation for the case of larger number of singular fibers F ≥ 4 is parallel to the case of F = 3, so the structures are the same. Therefore, from above calculation, when F ≥ 4 we can see that we also have the same structure of expression as in the case of F = 3 above. Thus, for the case of F ≥ 4, we can just use the formulas in Appendix A and B in [6] and take q ց e 
Properties and general structure
In the case of the standard root of unity, the summation variable t = 0, 1, . . . , H − 1 was regarded as abelian flat connections where the holonomy is diag (e
Therefore, (t, −t) was related to (−t, t) mod H by the Weyl group action. Accordingly, they Weyl orbit of (t, −t) corresponds to the equivalent abelian flat connection where t = 0, in particular, corresponds to the trivial flat connection.
In the case of other roots of unity K = r s where s is not equal to 1, the summation variable t goes from 0 to sH − 1. But as we saw in previous sections, e.g. in (2.30) and (2.31), it was possible to write expression as sum over u = 0, 1, . . . , H − 1 and v = 0, 1, . . . , s − 1. And we saw that, other than the limit q ց e We also note that upon u → u+H, Thus, the expression is invariant under u ↔ −u. Therefore, for the case of other roots of unity, it is consistent that the Weyl orbit of (u, −u) mod H labels the abelian flat connection.
We also note that u ↔ −u provide the complex conjugate of (u, −u) at the level of holonomy. Therefore, as in the case of the standard root of unity, we can say that the contributions from the abelian flat connnection and from the conjugate abelian flat connection are the same, though in the case of SU (2) these two abelian flat connections are equivalent from the beginning so that contributions from them are obviously the same.
In addition, as in the case of the standard root of unity, the contributions from the abelian flat connections that are related by the action of the center of SU (2) are the same up to overall factor for Z t and this happens when H is even [5, 6] . We refer detail explanation to [6] .
For the
(vH+u) 2 factor, from a number of examples, we saw that when H is a multiple of 2 but not of 4, there is an additional factor e πir for the abelian flat connection (u +
2 ) compared to the case of (u, −u). There is no such factor when H is a multiple of 4. Hence, the contributions from abelian flat connections that are related by the action of the center can have a different factor by e πir depending on H.
General structure
We use similar notations as in [6] . We denote the Weyl orbit of (u, −u) ∈ (Z H With the notation above, the S-matrix is the same with the one in the case of the standard root of unity
where u = (u 1 , −u 1 ) and u ′ = (u ′ 1 , −u ′ 1 ). We often use the notation lk(a, b) := lk(ã,b). Then, the WRT invariant is given by
when H is odd or a multiple of 4. When H is a multiple of 2 but not of 4, the WRT invariant can be written as with Zȧ(q) = (Y ⊗ S ab )ȧ˙b Z˙b(q) where Zȧ(q) = Z a (q) for a = 0, 1, . . . ,
and Zȧ(q) = Z 3H+2 4 −a (q) for a = 4 . We expect that (2.34) and (2.35) hold for general closed 3-manifolds.
Examples
In this section, we provide some examples. We mostly quote examples from [6] .
• H = 2 from (P 1 , P 2 , P 3 ) = (3, 5, 7)
For the case of the standard root of unity, the WRT invariant can be expressed as 
210 , (2.37) 
where Y ab = 1 1 1 1 and (w 0 , w 1 ) = (ω, ωe πir ).
• H = 3 from (P 1 , P 2 , P 3 ) = (2, 5, 7)
The WRT invariant at the standard root of unity can be written as • H = 4 from (P 1 , P 2 , P 3 ) = (3, 5, 7)
The WRT invariant with K ∈ Z is given by 
The WRT invariant at other roots of unity is given by • H = 5 from (P 1 , P 2 , P 3 ) = (2, 3, 11)
The WRT invariant with an integer K ∈ Z is given by
where K is an integer and (CS 0 , CS 1 , CS 2 ) = (0, • H = 6 from (P 1 , P 2 , P 3 ) = (5, 7, 11)
The WRT invariant with K ∈ Z is given by which are related to Z a 's as 3 Asymptotic expansion of knot invariants at roots of unity
There are various versions of the volume conjecture, such as the parametrized volume conjecture, quantum volume conjecture, etc. 3 Or it can be also generalized to the case with the parameter t for the grading of the categorification or with the parameter a in HOMFLY polynomial. The original volume conjecture was considered in the limit that K → ∞ where the Chern-Simons level K and the color n of the Jones polynomial is identified K = n. In the parametrized volume conjecture, both K and n are taken to infinity K, n → ∞ while the ratio n/K being fixed. The quantum invariants are expressed in terms of q = e 2πi K , and in the limit K → ∞, q → 1.
In this section, we consider the asymptotic expansion in the limit that q goes to the root of unity q → ζ 
Limit of q to the root of unity
The limit for the asymptotic expansion of the invariants with respect to the root of unity that we will discuss in this section is different from the standard q → 1 limit with the level K → ∞. For the standard limit in the volume conjecture, the expansion parameter was ǫ = 2πi K and ǫ → 0 or K → ∞ has been considered. However, when we consider the asymptotic expansion around general roots of unity e
, it looks more natural to introduce another expansion parameter, , with respect to general root of unity, e 2πi s r . This was considered in [9] , in [10, 11] in a similar but a slightly different setup, and in [12] in the context of Nahm sum.
Therefore, we take q as
which goes to ζ s r upon → 0. So, in this limit, q r → 1. We note that we can also consider the asymptotic expansion around the root of unity e 
Asymptotic expansion of q-Pochhammer symbol at the root of unity
We note that many knot or link invariants can be expressed in terms of q-Pochhammer symbols and monomials. Examples include trefoil knot 3 1 , figure-eight knot 4 1 , 5 1,2 , 6 1 , some other twist knots, the Hopf links [21] [22] [23] [24] [25] . Therefore, we study the behavior of qPochhammer symbol in the limit of q to the root of unity.
Asymptotic expansion of (x; q) ∞ at q → 1 Before discussing the case of general roots of unity, we review the case that q → 1. We denote the deviation of q from 1 as e ǫ , which is e 2πi K in this case. It is known [26] that the dilogarithm function and the function Li 2 (x; q) are related as
with x, q ∈ C with |x|, |q| < 1. Also, it can be shown [26] that
Therefore, from the generating function of Bernoulli polynomial B m (x)
the asymptotic expansion of Li 2 (q c x; e ǫ ) as ǫ → 0 is given by
For example, (3.8) up to ǫ 3 is given by
Asymptotic expansion of (x; q) ∞ at the root of unity Asymptotic expansion of (qx; q) ∞ has been discussed in [9, 11, 12, 27 ], but has not been applied to the knot polynomials yet. We express (q c x; q) ∞ as
Li 2 (q c+a x; q r ) . (3.10)
By using (3.4), we have
Since q r = e , (3.11) becomes
where ( Therefore, asymptotic expansion of (q c x; q) ∞ around ζ s r is given by where we see that the leading order of expansion (3.15) is given by
Examples: superpolynomial of knots
We consider the asymptotic expansion for the superpolynomials of unknot, trefoil knot, and figure-eight knot in totally symmetric representation S n . Upon specialization, for example, a = q N , we can recover the Poincaré polynomial of a knot for G = SU (N ). There is subtlety in such specialization [21, 29, 30] but there is no problem for examples here. We can also take t = −1 limit, then it would give the HOMFLY polynomial or the Jones polynomial upon a = q 2 .
With the limit → 0 in q = e /r ζ s r , we also need to consider the limit for x in superpolynomials. In the superpolynomials with totally symmetric representation S n , x is given by x = q n . Since we deformed q from ζ s r by e /r , we may consider x = q n = e n/r e 2πin s r and take → 0 and n → ∞ such that n = u is fixed. We may regard e 2πin s r as still root of unity, but this may not be a good candidate. Rather, we may deform x to x = e r (n+2πisξ) where as → 0 and n → ∞, another parameter ξ is taken to ξ → ∞ such that n = u is fixed and ξ = m ∈ Z is also fixed. When getting back to the undeformed original x = ζ ns r , we can take → 0 and ξ → ∞ such that ξ = n. Thus, we take 18) such that n = u is fixed and ξ = m ∈ Z is also fixed. We also note that in this limit x r → e n = e u . With above setup and also (3.15), we calculate the leading order term of the perturbative expansion of superpolynomials around root of unity e 2πi s r .
Unknot
The unnormalized superpolynomial of unknot is
The leading term of asymptotic expansion is given by
Since /r of e /r is the expansion parameter in this setup, we denote the volume function or the twisted superpotential by
so that the asymptotic expansion is expressed as
Then, from
we have
This is the same with the super A-polynomial of unknot
with x → x r , y → y r , a → a r , and −t → (−t) r .
Trefoil knot
The case of trefoil knot can be done similarly. The superpolynomial for the trefoil knot is given by
and from the asymptotic expansion we have
From the condition
Solving these, we obtain the super A-polynomial
This is the standard super A-polynomial with all the variables are replaced with r-th power of them.
Figure-eight knot
Similarly, from the superpolynomial,
which is the same with the standard super-A-polynomial with variables replaced by their r-th powers as expected.
Remarks
From above examples, we see that the volume function or twisted superpotential is given by the standard twisted superpotential with variables replaced with r-th power of them up to the overall 1/r 2 factor, and also the A-polynomial takes the same form, which could be expected already from (3.17). If we want higher order terms in the expansion, we can use (3.15) for q-Pochhammer symbols. For monomials, we can express them in terms of theta functions, which is in turn expressed in terms of q-Pochhammer symbols. So in this way full asymptotic expansion could also be obtained. as → 0, n → ∞, and ξ → ∞ such that n = u is fixed and ξ = m ∈ Z is also fixed, the asymptotic behavior of the knot invariants would take a form P n (a, q, t) ≃ exp 1 r S −1 (u, a r , (−t) r ) + In the context of the 3d-3d correspondence, the q-Pochhammer symbol appears as S 1 × D 2 partition function of the chiral multiplet with Neumann or Dirichler boundary condition [31] . Therefore, u parameter that appeares in the limit of x in (3.35) would be proportional to mass parameter of 3d N = 2 theory. Also, since the A-polynomial is a function of x r , which is x r = e u , the A-polynomial discussed in this paper actually agrees with the A-polynomial obtained in the standard limit if ǫn is fixed to u. Therefore, matter contents of the theory is equally captured in either limits.
The physical meaning of the asymptotic expansion around the root of unity and its relation to the corresponding 3d N = 2 theory is an interesting problem and we leave it as future work.
Discussion
We discussed the WRT invariants at other roots of unity in terms of homological blocks. The structure was the same with a few difference. One is obviously the limit q ց e (vH+u) 2 . The properties in the case of the standard root of unity, such as the symmetries from the action of the center and the complex conjugation were also available. In the second half, we discussed the asymptotic expansion of knot invariants around general roots of unity, which is different from the standard limit in the volume conjectures. We calculate the leading order of the asymptotic expansions of superpolynomials around the roots of unity e 2πi s r , and saw that the volume function/twisted superpotential and A-polynomial are the same with those in the context of standard volume conjecture upon replacement of variables by their r-th powers.
There are several interesting directions. It would be interesting to generalize SU (2) case for higher rank case and also to the case of two-variable series for knot complements in [7] . Also, detailed resurgence analysis for the case of rational K would be also interesting. In addition, the physical understanding for the case of rational K via the 3d-3d correspondence would be an important direction to study.
More thorough study for the asymptotic expansion discussed in section 3 is needed. For example, systematic calculations of higher order terms in the asymptotic expansion around the roots of unity, such as via quantization of A-polynomial, would be an interesting direction. It would be important to study mathematical meaning or applications of such expansion and also physical meaning of it in the context of the 3d-3d correspondence.
